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Abstract
It is shown that any Gδ-additive family in an absolute Souslin space has a σ -discrete refinement. The existence of a Borel
measurable selector for a Gδ-measurable multivalued mapping is obtained as a corollary.
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1. Introduction
When dealing with a nonseparable metric space, one often encounters a problem whether a given family of sets
can be decomposed into countably many discrete pieces. If this is the case, standard methods of descriptive set theory
of separable spaces can be applied to get results analogous to the separable ones. In particular, the existence of
measurable selectors for multivalued mappings on nonseparable metric spaces often depends upon the existence of a
σ -discrete decomposition of some kind (see [12] or [7, Theorem 4.1]).
We briefly mention some results on decomposability of families in metric spaces. As a starting point we can
consider the famous theorem by A.H. Stone stating that any open cover of a metric space has a σ -discrete locally
finite open refinement (see [2, Theorem 4.4.1]).
The question of decomposability of a family of sets that are not necessarily open is naturally more delicate.
R.W. Hansell showed in [6, Theorem 2] that any Souslin-additive disjoint cover of an absolute Souslin metric space
is σ -discretely decomposable. (We refer the reader to the next section for definitions of notions not explained here.)
By a result of J. Kaniewski and R. Pol (see [12, Theorem 1]), every point-finite Souslin-additive cover of an absolute
Souslin space is σ -discretely decomposable.
What is the situation for point-countable families? In this case, it is more appropriate to look for σ -discrete
refinements (see [7, p. 366]). By [10, Theorem 3.1(b)], under suitable set theoretical assumptions there exists a point-
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in [13, Theorem 1.3] that any point-countable Borel-additive family of sets in an arbitrary metrizable space admits a
σ -discrete refinement provided each member of the family is of weight at most ℵ1. W.G. Fleissner showed in [3] (see
also [4, Theorem 3N]) that under an additional axiom of set theory every point-countable Souslin-additive family is
σ -discretely refinable. It is an open question whether it can be proved in a standard set theory that any point-countable
Borel-additive cover of a complete metric space has a σ -discrete refinement. (We refer the reader to the survey papers
[4] and [5].) R.W. Hansell answer this question affirmatively if the family is Fσ -additive (see [7, Theorem 3.3]). He
also showed in [7, Example] that an Fσ -additive cover of a complete space need not admit a σ -discrete refinement if
the assumption of point-countability is omitted.
However, the methods of [7] does not work for sets of higher Borel classes. Using a different approach we get in
this paper the following result on Gδ-additive families of sets.
LetA be a family of sets in an absolute Souslin space X such that⋃A′ is Gδ in X for any countable subfamilyA′.
Then A is σ -discretely refinable and Gδ-additive.
The surprising feature of this result is that we require neither point-countability nor Gδ-additivity of A.
As in [7, Theorem 4.1], this is the key tool to get a selection theorem for Gδ-measurable multivalued mappings
between metric spaces. The precise theorem is formulated and proved in the last part of the paper.
2. Preliminaries
By a space we always mean a metrizable topological space. We write (X,ρ) when a compatible metric is specified.
IfA= {Ai : i ∈ I } is a family of sets in a space X,A is said to be discrete if every point x ∈ X has a neighbourhood
meeting at most one member of A. If I =⋃n In such that each {Ai : i ∈ In} is a discrete family, A is σ -discrete.
The family A is called σ -discretely decomposable if there exist sets Ai(n), i ∈ I , n ∈N, such that Ai =⋃n Ai(n)
and {Ai(n): i ∈ I } is a discrete family for each n ∈N.
A family R= {Rj : j ∈ J } is called a refinement of A if ⋃R=⋃A and for every j ∈ J there exists i ∈ I with
Rj ⊂ Ai .
The family A is said to admit a σ -discrete refinement if there exists a refinement of A that is σ -discrete (we also
say that A is σ -discretely refinable).
If B is a family of sets in X, A is called B-additive if⋃{Ai : i ∈ I ′} ∈ B for every I ′ ⊂ I . If⋃{Ai : i ∈ I ′} ∈ B for
any countable set I ′ ⊂ I , A is said to be countably B-additive.
The family A of sets is point-finite (point-countable) if {i ∈ I : x ∈ Ai} is finite (countable) for every x ∈ X.
We recall that a set A in a space is an Fσ -set if A can be written as a countable union of closed sets, Gδ-sets are
countable intersections of open sets.
A space X is absolute Souslin if X is homeomorphic to a Souslin subset of a complete metric space. It follows
from [8, Theorem 1.1] and [9, Theorem 4.1] that X is an absolute Souslin space if and only if there exists a complete
metric space Y and a continuous mapping f of Y onto X such that f preserves σ -discretely decomposable families.
If A= {Ai : i ∈ I } is a family of sets in a space X and F ⊂ X, we denote by AF the family {Ai ∩ F : i ∈ I }.
We denote by {0,1}<N the space of finite sequences of digits 0 and 1. Let |s| be the length of s. We denote by ∅ the
empty sequence and adopt the convention that the length of the empty sequence is 0. For s ∈ {0,1}<N and i ∈ {0,1},
we write s∧i for the sequence (s1, . . . , s|s|, i).
For a sequence σ in the Cantor set {0,1}N and n ∈N, we write σ n for the finite sequence (σ1, . . . , σn). We adopt
the convention that σ 0 = ∅.
Definition 1. Let A be a family of sets in a space X. We say that A is nowhere σ -discretely refinable if⋃A 	= ∅ and
AU is not σ -discretely refinable for any open U ⊂ X intersecting
⋃A.
We recall the following standard lemma.
Lemma 2. Let A be a family of sets in a space X and let
G =
⋃
{U : U open, AU is σ -discretely refinable}.
Then AG has a σ -discrete refinement and AX\G is nowhere σ -discretely refinable, provided X \ G is nonempty.
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ily U has a σ -discrete refinementR. Obviously,AR has a σ -discrete refinement for each R ∈R. It is straightforward
to check that AG is σ -discretely refinable as G =
⋃U =⋃R.
For the proof of the second assertion, assume that there exists open U ⊂ X intersecting X \G such thatAU∩(X\G)
is σ -discretely refinable. Due to the first part and the fact that U = (U ∩G)∪ (U \G), A U is σ -discretely refinable.
Hence U ⊂ G, a contradiction. 
3. Gδ-additive families
We start the proof of the main result with the following simple lemma that will be used in the inductive construction
in Lemma 4.
Lemma 3. Let A be a family of sets in a space X that is not σ -discretely refinable. Let {Fn: n ∈ N} be a family
of closed sets covering X. Then there exists k ∈ N and a closed set H ⊂ Fk such that AH is nowhere σ -discretely
refinable.
Proof. Let A and {Fn: n ∈ N} be as in the premise. Since ⋃n Fn = X, there exists k ∈ N such that AFk is not
σ -discretely refinable. We apply Lemma 2 to the family AFk to get the required closed set H ⊂ Fk with the property
that AH is nowhere σ -discretely refinable. 
Lemma 4. LetA= {Ai : i ∈ I } be a countably Gδ-additive family in a complete space X. Then there exists a nonempty
open set U ⊂ X such that AU has a σ -discrete refinement.
Proof. Suppose that the assertion is false, i.e., there exists a countably Gδ-additive family A of sets in a complete
space X such that AU is not σ -discretely refinable for each nonempty open set U ⊂ X. Then it follows that all the
sets Ai have empty interior.
We fix on X a compatible metric ρ satisfying diamX < 1.
We set U∅ = F∅ = X and find an arbitrary index i∅ ∈ I such that U∅ ∩ Ai∅ 	= ∅. Let x∅ be a point in U∅ ∩ Ai∅ .
For each s ∈ {0,1}<N, we will find a nonempty open set Us ⊂ X, a nonempty closed set Fs ⊂ X, a point xs ∈ X and
an index is ∈ I such that the following conditions are satisfied for every s ∈ {0,1}<N including the empty sequence ∅:
(i) ∅ = Us∧0 ∩ Us∧1, Us∧0 ∪ Us∧1 ⊂ Us , diamUs < 2−|s|;
(ii) xs ∈ Fs ∩ Ais , xs∧0 = xs , is∧0 = is ;
(iii) Fs∧0 ∪ Fs∧1 ⊂ Fs ⊂ Us ;
(iv) A Fs is nowhere σ -discretely refinable;
(v) Fs∧1 ∩⋃{Ait : |t | |s|} = ∅.
To start the construction, we set x0 = x∅ and i0 = i∅. We find nonempty open sets U0, U1 satisfying (i) such that
x0 ∈ U0. Set F0 = F∅ ∩ U0. Then x0 ∈ F0 and AF0 is nowhere σ -discretely refinable.
As AU1 is not σ -discretely refinable, AU1\Ai∅ is not σ -discretely refinable as well. In particular, U1 \ Ai∅ 	= ∅.
We write U1 \ Ai∅ as a union of countably many closed sets Hn, n ∈ N. By Lemma 3, there exists a closed set
H ⊂ (U1 \Ai∅) such that AH is nowhere σ -discretely refinable. We find i1 ∈ I such that Ai1 intersects H and select
a point x1 ∈ H ∩ Ai1 . By setting F1 = H we complete the first step of the construction.
Let n ∈ N and assume that the required objects have been defined for each s ∈ {0,1}<N with |s|  n. We fix a
sequence s ∈ {0,1}<N with |s| = n. Let xs∧0 = xs and is∧0 = is . We find nonempty open sets Us∧0, Us∧1 satisfying
condition (i) such that xs∧0 ∈ Us∧0 and Us∧1 ∩ Fs 	= ∅. (We remark that AFs is nowhere σ -discretely refinable
by (iv), in particular xs is not an isolated point of Fs . Hence Us∧1 can be chosen in a manner described above.) We set
Fs∧0 = Fs ∩Us∧0. Obviously, xs∧0 ∈ Fs∧0 and AFs∧0 is nowhere σ -discretely refinable by the inductive assumption.
Set
D = Us∧1 ∩ Fs.
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D \
⋃{
Ait : |t | n
} 	= ∅,
and moreover,
AD\⋃{Ait : |t |n}
has no σ -discrete refinement as well. Since
D \
⋃
{Ait : |t | n}
is an Fσ -set, Lemma 3 yields the existence of a closed set
H ⊂ D \
⋃{
Ait : |t | n
} (1)
such that AH is nowhere σ -discretely refinable. We pick an index is∧1 such that Ais∧1 ∩ H 	= ∅ and choose an
arbitrary point xs∧1 ∈ H ∩ Ais∧1 . Let Fs∧1 = H . Since
Fs∧1 ∩
⋃{
Ait : |t | n
}= ∅
by (1), the inductive step is finished.














and each σ ∈ {0,1}<N defines a unique point xσ =⋂n Uσn.
Let
A = {xs : s ∈ {0,1}<N}.
(We remark that xs = xσ if s ∈ {0,1}<N and σ ∈ {0,1}N are sequences satisfying σ = (s1, . . . , s|s|,0,0, . . .).)
We need the following couple of claims.
Claim 4.1. Let σ ∈ {0,1}N and s ∈ {0,1}<N satisfy σ  |s| = s. Then xσ ∈ Fs .
Proof. Let σ and s be as in the premise. By condition (iii),
Fσn ⊂ Uσn
for each n ∈N. By virtue of (iii) again,
Uσn ∩ Fs 	= ∅







(Fs ∩ Uσn) 	= ∅,
since the latter term is a centered family of closed sets with diameters tending to zero and X is complete. Since⋂
n Uσn is a singleton, the conclusion xσ ∈ Fs follows. 
Claim 4.2. The following assertions hold true:
(a) A ⊂⋃{Ais : s ∈ {0,1}<N};
(b) (C \ A) ∩⋃{Ais : s ∈ {0,1}<N} = ∅.
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For the proof of the second assertion, let σ ∈ {0,1}N be a sequence containing digit 1 infinitely often. Let {nk}k
be an increasing sequence of natural numbers such that σnk = 1. For a given sequence s ∈ {0,1}<N we choose k ∈ N
such that nk − 1 |s|. By virtue of Claim 4.1 and condition (v),
xσ ∈ F(σ1,...,σnk−1,1) ⊂ X \ Ais .
As s ∈ {0,1}<N is arbitrary,
xσ ∈ C \
⋃{
Ais : s ∈ {0,1}<N
}
.
This concludes the proof of (b). 
Now we are ready to finish the proof of the lemma. By Claim 4.2,
A = C ∩
⋃{
Ais : s ∈ {0,1}<N
}
.
Since A is a countably Gδ-additive family, A is a Gδ-subset of C. But this contradicts the Baire category theorem as
A is also a countable dense subset of C. 
Lemma 5. Let A be a countably Gδ-additive family in a complete space X. Then A is σ -discretely refinable.
Proof. Let G be the union of all open sets U ⊂ X such that AU has a σ -discrete refinement. By Lemma 4, G is
nonempty. By Lemma 2, AG is σ -discretely refinable. We claim that G = X.
Indeed, if X \ G 	= ∅, we can apply Lemma 4 to AX\G and obtain a nonempty open set U such that U \ G 	= ∅
and AU\G has a σ -discrete refinement. Then A is σ -discretely refinable on U , a contradiction with U \G 	= ∅. This
completes the proof. 
Now we are ready for the proof of the main result.
Theorem 6. Let A be a countably Gδ-additive family in an absolute Souslin space. Then A is σ -discretely refinable
and it is Gδ-additive.
Proof. Let A be a countably Gδ-additive family of sets in an absolute Souslin space X. As mentioned in Section 2,
there exists a complete space Y and a continuous surjective mapping f :Y → X such that f preserves σ -discretely
decomposable families. Then {f −1(A): A ∈A}, as a countably Gδ-additive family in Y , has a σ -discrete refinement
by Lemma 5. Since f preserves σ -discretely decomposable families, A is σ -discretely refinable as well.
For the proof of the second assertion, let J ⊂ I be given. We want to prove that G =⋃{Ai : i ∈ J } is a Gδ-set
in X.
Since {Ai : i ∈ J } is countably Gδ-additive, by the first part we know that it has a σ -discrete refinement R.
First we prove that G is a Borel set in X. For any R ∈ R we find an index i(R) ∈ J such that R ⊂ Ai(R). By
replacing each R with R ∩ Ai(R) we can assume that R consists of Gδ-sets. Since
G =
⋃
{Ai : i ∈ J } =
⋃
R
andR is a σ -discrete union of Gδ-sets, G itself is a countable union of Gδ-sets. In particular, it is a Borel subset of X.
We want to prove that G is even a Gδ-set in X. Suppose the contrary. Since X \ G is an absolute Souslin set, by
[11, Theorem 2(d)] there exists a nonempty compact set C ⊂ X such that
C ∩ G = C \ G = C
and C ∩ G is countable. We find a countable set Jc ⊂ J such that
C ∩ G = C ∩
⋃
{Ai : i ∈ Jc}.
Since A is countably Gδ-additive, C ∩ G is a Gδ-set. But this contradicts the Baire category theorem, as C ∩ G is a
dense countable set in C and C has no isolated points. Hence G is a Gδ-set which finishes the proof. 
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4. A Borel measurable selection
As was mentioned in the introduction, the existence of a σ -discrete refinement is usually sufficient for the existence
of a measurable selection. The following theorem is a very particular case of this general principle.
Theorem 8. Let Φ :X → Y be a multivalued mapping from an absolute Souslin space X to a complete space Y such
that F has nonempty closed values and
(a) Φ−1(U) = {x ∈ X: Φ(x) ∩ U 	= ∅} is a Gδ-subset of X for any open U ⊂ Y , or
(b) Φ−1(F ) is a Gδ-subset of X for any F ⊂ Y closed.
Then there exists a Borel measurable mapping f :X → Y such that f (x) ∈ Φ(x) for each x ∈ X.
Proof. First we assume condition (a). We fix on Y a compatible metric such that diamY < 1, set Φ0 = Φ and
A0 = {X}. By induction we construct a sequence {Φn} of multivalued maps from X to Y with nonempty values
and coverings {An} of X such that, for each n ∈N,
(i) Φn+1(x) ⊂ Φn(x) for each x ∈ X,
(ii) diamΦn(x) < 1n for each x ∈ X,(iii) An+1 is a disjoint σ -discrete Gδσ -additive cover of X (we recall that a set A is of type Gδσ if A is a countable
union of Gδ-sets),
(iv) if A ∈An, Φ−1n (U) ∩ A is a Gδ-subset of A for any open set U ⊂ Y .
Since both Φ0 and A0 satisfy the requirements, we proceed to the inductive step. Assuming that Φn and An have
been constructed for n 0, let U be an open cover of Y consisting of sets of diameter smaller than 1
n+1 .
Let A be a set in An. It follows from (iv) that{
A ∩ Φ−1n (U): U ∈ U
} (2)
is a Gδ-additive family of sets in the space A. Since a Borel subset of an absolute Souslin space is an absolute Souslin
space as well, Theorem 6 provides a σ -discrete refinement RA of the family in (2). By [14, Lemma 3.4], we may
assume that RA consists of Gδ-subsets of A. Then RA is a Gδσ -additive family in A.
Let RA = ⋃j RA,j such that each RA,j is a discrete family. Let R̂A,j = ⋃RA,j , j ∈ N. Since R̂A,j ’s are
Gδ-subsets of A, by setting RA,1 = R̂A,1,




we get mutually disjoint Gδσ -subsets of A. Then
{R ∩ RA,j : R ∈RA, j ∈N}
is a disjoint σ -discrete Gδσ -additive cover of A.
We put all these families together to obtain An+1, i.e.,
An+1 = {R ∩ RA,j : A ∈An,R ∈RA, j ∈N}.
As condition (iii) holds for An, An+1 is a disjoint σ -discrete Gδσ -additive covering of X and it refines {Φ−1n (U):
U ∈ U}.
For each B ∈An+1 we choose a set UB ∈ U such that B ⊂ Φ−1n (UB) and set
Φn+1(x) = Φn(x) ∩ UB if x ∈ B, B ∈An+1.
Then Φn+1 has nonempty values and conditions (i) and (ii) are satisfied.
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B ∩ Φ−1n+1(V ) = B ∩ Φ−1n (UB ∩ V )
is a Gδ-set in B by the inductive assumption. This finishes the construction.




Φn(x), x ∈ X,





is a Gδσ -subset of X by (iii) and (iv). Thus f is Borel measurable, concluding the proof in case Φ satisfies condi-
tion (a).
If Φ satisfies condition (b), we follow the previous reasoning almost word by word. Only in the inductive step,
if U is an open cover of Y consisting of sets of diameter smaller than 1
n+1 , we find a refinement of the family
{Φ−1n (U): U ∈ U} and we set Φn(x) = Φn(x) ∩ UB if x ∈ B , B ∈An+1.
Hence the proof is finished. 
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